Abstract. We prove that there exist diffeomorphisms of tori, supported in a disc, which are not isotopic to symplectomorphisms with respect to any symplectic structure. This yields a partial negative answer to a question of Benson and Gordon about the existence of symplectic structures on tori with exotic differential structure.
Introduction
The initial motivation for this work was the following remark in the paper of Benson and Gordon [BG] : it is not known, if there exist Kähler structures on exotic tori. In fact, it is even not known if there are symplectic structures on a torus with an exotic differential structure. Motivated by this, we study the possibility of building symplectic structures on exotic tori using the classical construction of Thurston. This construction gives a symplectic form on a compact manifold M fibered over a symplectic manifold with symplectic fiber provided the fibration is symplectic and the following condition is satisfied: there exists a class in H 2 (M, R) which restricts to the cohomology class of the symplectic form of the fibre (see [MS] , 6.3).
Some exotic tori have the structure of a fiber bundle with the base and the fiber being even dimensional tori with standard differential structures. This is obtained as follows. In the sequel we denote by T k the standard k-torus and we write T k if we consider a torus with an exotic structure. Let f : T 2n → T 2n be a diffeomorphism supported in a disc, i.e., equal to the identity outside an embedded disc D 2n . This diffeomorphism corresponds to a diffeomorphismf of the 2n-sphere S 2n and hence gives a (2n + 1)-dimensional homotopy sphere Σ f = D 2n+1 ∪f D 2n+1 . Simply consider the disc were f is supported as embedded in the sphere S 2n , say, as the upper hemisphere, and extend f from the disc to the whole sphere by identity. It is rather strightforward to check that the isotopy class off does not depend on the choices made. It is known that if Σ f is an exotic sphere, then the connected sum T 2n+1 f = T 2n+1 #Σ f is an exotic torus, i.e. it is topologically, but not smoothly homeomorphic to T 2n+1 . Moreover, it fibers over S 1 with the gluing map f, see [H] ,4.3. This implies that T 2n+2 = (T 2n+1 #Σ f ) × S 1 is an exotic torus (cf. Sec. 4) which fibers over T 2 with fiber T 2n . Note that if f were isotopic to a symplectomorphism, this fibration would be symplectic. Clearly, the cohomology ring
. Hence, the cohomological condition of Thurston's construction were also satisfied and we would get a symplectic structure on the exotic torus T Our goal is to give negative examples to Problem 3. Note that this problem is related to the question posed by McDuff and Salamon [MS] , p. 328, whether every symplectomorphism of a torus which acts trivially on homology is isotopic to the identity.
Let π 0 (Diff (M )) denote the group of isotopy classes of diffeomorphisms of a smooth manifold M . Assume now that M is 2n-dimensional and admits almost complex structures, and let JM denote the set of homotopy classes of such structures. Any diffeomorphism f acts on the set of all almost complex structures by the rule
where df : T M → T M denotes the differential of f . This action clearly descends to the action of π 0 (Diff (M )) on JM . Let now G (M ) denote the subgroup of π 0 (Diff (M )) generated by diffeomorphisms with supports in discs.
Problem 4. Does the G (M )-action on JM have fixed points?
We have seen above that the positive answer to Problem 3 would imply the positive answer to Problems 1 and 2. In the sequel we will show that the answer to Problem 4 is negative in case 2n ≡ 0 (mod 8): there exist diffeomorphisms f : T 8k → T 8k supported in a disc, whose isotopy classes act without fixed points on JM. Therefore, they cannot be isotopic to symplectomorphisms with respect to any symplectic structure. Indeed, any symplectomorphism carries any almost complex structure compatible with a symplectic form to another almost complex structure compatible with the same symplectic form, but the space of all such almost complex structures is contractible. In particular, it follows that for such f the answers to Problems 3 and 2 are negative. Now, let us descibe in more detail the results of the paper. We will prove first a homotopic condition characterizing the triviality of the [f ]-action on JM , [f ] ∈ G(M ). This result is given by Theorem 1. Theorem 1. The following conditions are equivalent: For T 8k+1 f = T 8k+1 #Σf consider the Atiyah -Milnor -Singer invariant, alias theâ-genusâ [AS,M] (see Section 4). Since theâ-genus is additive with respect to the operation of connected sum and it is nontrivial for some homotopy spheres in dimension 8k + 1, one easily concludes that there exist isotopy classes of diffeomorphisms f with support in a disc such thatâ(T 8k+1 f ) = 0. On the other hand, we prove the following result. Comparing Theorem 1 and Theorem 2 we come to the main conclusion of the paper.
Theorem 3. For any k > 0 there exist diffeomorphisms f : T 8k → T 8k with support in a disc which act without fixed points on JT 8k .
Of course, Theorem 3 implies all observations we have mentioned. The paper is organized as follows. Sections 2 and 3 are devoted to the proof of Theorem 1, Section 4 describes the technique of theâ-genus, and, finally, Section 5 contains the proofs of Theorems 2 and 3.
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Preparatory work for the proof of Theorem 1
To prove Theorem 1, we need some preparatory work.
Interpretation of
which are equal to the identity near the boundary. The group of such diffeomorphisms we denote by Diff
, {id}) when we use a trivialization of the tangent bundle of the disc. Since such a trivialization is unique up to homotopy, we get a well defined homotopy class
Given an embedding of D m in a manifold, we can always extend f to the whole manifold, since f = id near the boundary of the disc. In particular, f extended by the identity map id to S m gives the diffeomorphism
If M is an arbitrary manifold, and f ∈ G(M ) is a diffeomorphism with support in a disc, the restriction of f to this disc yields as above a homotopy class in π m SO(m). For simplicity, we will denote this class by the same symbol [df ] ∈ π m SO(m).
Homomorphism
where Diff + S m denotes the group of orientation preserving diffeomorphisms of the m-sphere. It follows that there is a well defined homomorphism
where
(1)
Stabilization maps. Consider the natural inclusions
and the induced maps of homotopy groups
which we will call the stabilization maps. From the work of Kervaire [K] one can obtain all the homotopy groups π m−1 SO(m − 1), π m−1 SO(m), π m−1 SO(m + 1) for all m, as well as the kernels of the stabilization maps J m . In the sequel we will need this information. Because of that, we give the table of the homotopy groups together with Ker J m up to m = 15. It is well known that for m > 7 the homotopy groups we are interested in are 8-periodic.
). We will need the following result.
Lemma 1. The following equality holds for any m:
Proof. The proof is a consequence of the relations between homotopy groups from the Table. The necessary calculation falls into the cases: . Now, recall that for m > 4, the stable tangent bundle to any homotopy sphere is trivial. One can find a proof of this fact in [KM] . The properties of the groups Γ m we need in the sequel are described in the same paper. Because of that
Now we are ready to exhibit our case by case calculation. Case (i) We see from the table that for m ≡ 4 (mod 8), the group π m−1 SO (m) is torsion free, while Γ m is always finite. It follows from (1) The proof is complete.
Corollary 1. For any homotopy sphere Σ of dimension n its tangent bundle is isomorphic to the tangent bundle of S n .
This implies for example the equality span Σ = span S n .
2.5 π 0 (Diff(M ))-action on JM . If M 2n is a parallelizable smooth manifold with almost complex structures, then any choice of almost complex structure J 0 on M determines a bijection
such that J 0 corresponds to the class of constant map. In the sequel, we will always assume (for simplicity) that M is parallelizable.
Consider the bundle
and the corresponding part of the long homotopy exact sequnce
Our first goal is to prove that if [f ] ∈ π 0 (Diff(M )) acts on JM with fixed points, and [f ] is determined by a diffeomorphism with support in a disc, than [df ] ∈ Im(π 2n U (n)) ⊂ π 2n SO(2n), and vice versa. The proof requires two technical facts we will give now. 
If M = T n , then the induced map of the sets of homotopy classes of maps
Proof. Let M ′ denote the complement of Int D n and let X = SO(2n)/U (n) (in this particular argument the target space X may be arbitrary). Consider the Puppe long exact sequence , and, therefore, the injectivity ofθ will follow, if one proves the surjectivity of the term
in the Puppe long exact sequence. The latter is naturally identified with the map
Now, take into consideration the homotopy equivalence
The latter can be explained as follows. Use the well-known formulae
where X ∧ Y denotes the smash-product of spaces X and Y . Applying these formulae to T n = S 1 × ... × S 1 one obtains (2). In the latter equivalence, the number of spheres of dimension j equals to the Betti number b j−1 of T n . We have the following (homotopy) commutative diagram
where i S is an obvious map of the wedges of spheres. Indeed, if one suspends the CW-complex T n with a standard cell decomposition, the suspension of every kcell will give a (k + 1)-dimensional sphere, and therefore, cutting the top cell and suspending the rest will give the wedge of spheres with the top one shrinked to a point. It follows that there is a retraction r : ST n → S(T n \ {pt}) corresponding to the right vertical arrow of the previous diagram, and given by shrinking the sphere of the maximal dimension to the point. It follows that the induced map
, X] has a right inverse r * . This is the same as the surjectivity of i * , as required.
determined by a diffeomorphism f with support in a disc, then [f ] acts on JM with fixed points if and only if
Proof. Indeed, if [f ] acts trivially on JM , it means that f is isotopic to some g such that dg determines an element in [M, U (n)]. Let p : SO(2n) → SO(2n)/U (n) denote the natural projection. It induces a map (2n)], but, as we will see in due course, this will not cause a confusion.
Letπ : π 2n SO(2n) → π 2n SO(2n)/U (n) denote the map of homotopy groups determined by p. We have a commutative diagram
whereθ is induced by θ in the same way asθ. We obtain
By Lemma 2,θ is injective, and, therefore, from the latter equality,π([df ]) = 0. Now the exactness of the sequence of the homotopy groups of the fibration U (n) → SO(2n) → SO(2n)/U (n), implies [df ] ∈ Im(π 2n U (n)), as required.
Proof of Theorem 1
By Lemma 3, if [f ] acts on JM with fixed points, then [df ] ∈ Im(π 2n U (n)). We will show, that if [df ] = 0, then [df ] / ∈ Im(π 2n U (n)), and this will complete the proof.
The argument goes as follows. Both U (n + 1) and SO(2n + 2) act transitively on S 2n+1 and yield diffeomorphisms
Consider then the following commutative diagram of fibrations and natural inclusions
where i : U (n) ֒→ SO(2n) and j : SO(2n) ֒→ SO(2n + 1) denote the natural inclusions. This diagram yields the commutative diagram of the group homomorphisms
where the horizontal rows represent parts of the long homotopy sequences of the corresponding fibrations and ∂, ∂ ′ denote the connecting homomorphisms. Here i * denotes the map of homotopy groups induced by i. Let α and β denote, respectively, the generators of cyclic groups (see [B] ):
Now, for n ≥ 4, the kernel Ker J 2n+1 is nontrivial and
It follows that
In particular, ∂β = 0. From the commutativity of the diagram
It follows that
since [df ] ∈ Ker j 2n+1 by Lemma 1. As π 2n U (n) = Z 2 , the latter inequality shows that 0 = [df ] / ∈ Im(π 2n U (n)), as required.
4.â-genus and family index
The main tool that yields an obstruction to isotoping the diffeomorphism f (supported in a disc) to a symplectomorphism is a K-theoretical invariant, namely, theâ-genus of a closed spin manifold. In this section we summarize the properties of theâ-genus and explain the argument. A beautiful presentation of techniques used in this section one can find in the monograph of Lawson and Michelson [LM] .
We consider closed spin manifolds. It is known that stably parallelizable manifolds are spin, hence T m and Σ f are. Also, connected sums of spin manifolds admit spin-structures, which implies that T f = T m #Σ f is spin. Theâ-genus can be defined as the KO-theoretical index of the Dirac operator. We need here only the topological index, which can be defined in terms of the KR-theoretical symbol of the Dirac operator [AS,LM] . For the convenience of the reader we mention that KR-theory formally is built along the same lines as the classical K-theory. The specific feature of this version is that we start with the category of complex vector bundles with involution. That is, spaces are equipped with an involution c X and any vector bundle V in the category is equipped with a C-antilinear involution c V such that the diagram
becomes commutative. As usual, one defines the Grothendieck group, denoted now as KR(X), the reduced group KR(X) and graded groups
It appears that KR − * (X) is a KR − * (pt)-module. It is known that the coefficient groups KR − * (pt) are the following
Z 2 if k ≡ 1, 2(mod 8); 0 for any other k.
Now, if M is a manifold of dimension m, T M is a vector space with involution c(ξ) = −ξ, and we consider KR − * (M ) and KR − * (T M ). Let f : M → {pt} denote the obvious collapsing map. For a spin structure on M we have the Gysin (or direct image) map
Definition. Theâ-genus of a compact spin manifold M m is, by definition, an element of KR −m (pt) given by the formulâ
This is the topological index, with values in KO − * (pt), of the Dirac operator on M. In fact we use only the torsion part ofâ called sometimes the Hitchin invariant. Now we formulate explicitly the properties ofâ used in the sequel.
Proposition 1. Theâ-genus has the following properties:
(i) for any compact spin manifolds X and Ŷ
(ii)â is a spin cobordism invariant, (iii) for any m > 2 and any spin structure on the standard torus T m we havê a(T m ) = 0.
Proof. See [LM] . Note that (iii) follows from (i) and (ii) since any spin structure on T m is given as product of spin structures on circles. Recall that S 1 has two spin structures, one of them hasâ = 0, and does not bound. However, the third power of the non-zero element of KR −1 (pt) vanishes in the ring KO − * (pt). Let there be given a smooth fiber bundle
with fiber and base being spin manifolds. For any continuous family of elliptic differential operators P on fibers of this bundle there is a well-defined family index
(see Atiyah and Singer [AS] ). Consider the particular case of the parametric Dirac operator D. We assume that the spin structure on M is equal to the one induced by spin structures on B and F. Then we have the formula [AS,H] .
Lemma 4. If the family index of the Dirac operator on the fiber bundle (3) vanishes, thenâ(M ) = 0.
Proof. Let f B : B → {pt} denote the collapsing map and
Now we are going to describe a condition ensuring the vanishing of the family index Ind D of the parametric Dirac operator. This is certainly known to experts, but we haven't found any appropriate reference in the literature.
For a parallelizable manifold, a given trivialization of the tangent bundle induces a spin structure and a Riemannian metric on (the tangent bundle of) the manifold. We consider a fiber bundle with a continuous family of parallelizations of fibers and corresponding spin structures and Dirac operators on fibers.
Lemma 5. For any closed spin manifold F of dimension 8k and any fiber bundle F → M → B, which admits a fiberwise parallelization, the family index Ind D vanishes.
Proof. Given a parallelization of F, the KR-symbol class of the Dirac operator of F is identified with an element of KR(F × R k × R k ). This element is given by the map of product bundles
where S + , S − are half-spin representations of the group Spin(8k) and over a point (x, u, v) the map is the multiplication by u + iv. In dimension 8k parellizable manifolds have trivialâ-genus, thus the symbol class becomes zero after passing to KR −k (pt). If we consider a fiberwise parallelization, then we obtain the product of the above by B. In particular, Ind k D ∈ KR −k (B) is zero.
Proofs of Theorems 2 and 3
Lemmas 4 and 5 yield the following key observation used in the proofs of Theorems 2 and 3.
Proposition 2. Assume that M is fibered over a closed spin manifold B with closed spin fiber F of dimension 8k. If the fibration admits a fiberwise parallelization and the spin structure on M is the one induced from the parallelization and the spin structure of B, thenâ(M ) = 0.
Proof of Theorem 2. Consider T f = T 8k+1 #Σ f . We have already mentioned that T f fibers over S 1 with T 8k as a fiber and the gluing map f. If [df ] = 0, then the fibration admits fibrewise paralellization. Proposition 2 implies thatâ(T f ) = 0.
Proof of Theorem 3. If [f ] preserves a homotopy class [J] of an almost complex structure, then [df ] = 0 and, by Theorems 1 and 2, a(T f ) = 0. We haveâ(T f ) = a(T 2n+1 #Σ f ) =â(Σ f ). However, it is well known [H] that in dimensions 8n + 1 there are homotopy spheres Σ f withâ(Σ f ) = 0. This completes the proof.
Remark. By Section 2,â(T f ) is necessarily a torsion element, soâ-genus can detect nontriviality of [df ] only in dimensions 8n. However, the group where the class [df ] can take values is equal to Z 2 for any even dimension. We do not know whether in even dimensions = 8n there are diffeomorphisms of spheres having non-trivial homotopy class of the differential (while the results of Section 2 show that [df ] = 0 if the dimension is odd). 
